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Abstract. We prove some general results on the T-equivariant 
/^-theory Kt{G/P) of the flag variety G/P, where G is a semisim- 
ple complex algebraic group, P is a parabolic subgroup and T is 
a maximal torus contained in P. In particular, we make a conjec- 
ture about a positivity phenomenon in Kt{G/P) for the product 
of two basis elements written in terms of the basis of Kt{G/P) 
given by the dual of the structure sheaf (of Schubert varieties) ba- 
sis. (For the full flag variety G/B, this dual basis is closely related 
to the basis given by Kostant-Kumar.) This conjecture is paral- 
lel to (but different from) the conjecture of Griffeth-Ram for the 
structure constants of the product in the structure sheaf basis. We 
give explicit expressions for the product in the T-equivariant K- 
theory of projective spaces in terms of these bases. In particular, 
we establish our conjecture and the conjecture of Griffeth-Ram in 
this case. 



1. Introduction 

Let X denote the partial flag variety G/P, where G is a complex 
semisimple simply-connected algebraic group and P is a parabolic sub- 
group of G containing a fixed Borel subgroup B. The group B acts 
with finitely many orbits on X, and the closures of these orbits (called 
the Schubert varieties) are indexed by W^, the set of minimal length 
coset representatives of W/Wp (where W is the Weyl group of G and 
Wp is the Weyl group of P); the Schubert variety corresponding to 
w G is denoted X^. The Poincare duals of the fundamental classes 
[X^] (called the Schubert classes) form a basis for the cohomology ring 
H*{X). The structure constants of the multiplication in H*{X) with 
respect to this basis have long been known to be non-negative. 

This positivity result has been generalized in different directions. 
If T is a maximal torus of B, then the equivariant cohomology ring 
H^{X) is a free module over if^(pt), the equivariant cohomology ring 
of a point, again with a basis consisting of Schubert classes. As proved 
by Graham [GraOlj . the structure constants in this basis again have 
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a positivity property generalizing the non-equivariant positivity. Sim- 
ilarly, the Grothendieck group K{X) has a basis consisting of classes 
of structure sheaves [Oxp] of Schubert varieties. As proved by Brion 
|Bri02j . the structure constants of the multiplication in K{X) have a 
predictable alternating sign behavior, which we will refer to as a posi- 
tivity property. 

The positivity in H^{X) and the positivity in K{X) each imply the 
positivity in H*{X). Our aim in this paper is to discuss a positiv- 
ity property for the multiplication in the T-equivariant Grothendieck 
group Kt{X) encompassing the positivity both in Ht{X) and K{X). 
One subtlety in the T-equivariant i^-theory is that Kt{X) has two nat- 
ural quite different bases: the basis consisting of classes of structure 
sheaves of Schubert varieties (called the structure sheaf basis), and the 
dual basis with respect to the natural pairing on Kt{X) (called the 
dual structure sheaf basis) . 

Surprisingly, both the structure sheaf basis and the dual structure 
sheaf basis of K^lX) seem to exhibit the positivity phenomenon. Let 
R{T) denote the representation ring of T, which is a free abelian group 
with basis consisting of the characters e'^. Let A denote the set of roots 
of Lie G with respect to Lie T, and A"^ the set of positive roots (chosen 
so that these are the roots of Lie B). Let {^p} denote the dual basis 
to the i?(T)-basis {[Oxp]} of Kt{X). Write 

and 

for (unique) elements b'^^{P) and p'^^{P) of R(T). Griffeth and Ram 
conjectured a positivity property for the coefficients b^^{P). Specifi- 
cally, their conjecture asserts that 

(1) (_i)dim{X)+n«)+£{.)+n«.)5«.^^(p) ^ _ 1]^^^^ 

(see Conjecture 13. 101 and Remark |3. lip . The validity of this conjecture 
for P = B implies its validity for any P (cf. Proposition 13. 12( ). 

In this paper we conjecture that the coefficients p^^{P) also exhibit 
the following positivity: 

(2) ^-i)^M+ei.)+iM p^^^^p) ^ ^^[g-/. _ 1]^^^^ 

(see Conjecture 13. ip . It is not clear if the validity of the conjecture 
for P = B implies that for any P. On the other hand, this conjecture 
is compatible with the inclusion of flag varieties associated to Levi 
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subgroups (see Proposition I3.3p . Although the coefficients b^^{P) and 
PuviP) related (see Propositions 14.11 and I4.3P . it is not clear if one 
conjecture implies the other. 

The non-equivariant analogues of both these conjectures hold. More 
precisely, if F : R(T) ^ Z is the forgetful map (sending each to 1), 
then 

and 

The ffist inequality is proved in |Bri02] . The second inequality can 
be easily deduced from |Bri02l Theorem 1] (see Remark [3.7p . In fact, 
we conjecture that an equivariant generalization of [Bri02t Theorem 1] 
holds: Let T' be a subtorus of T. If F C X is a T'-stable irreducible 
subvariety with rational singularities, and we write 

[Oy] = 

then 

[-1) ™ G /.+ [e|y, - iJ/3gA+ 

(see Conjecture 17. ip . By Proposition 13.61 this would imply Conjecture 

The main purpose of this paper is to prove some results giving ev- 
idence for Conjectures 13.11 and 17. 1[ The most substantial results are 
explicit formulas for the coefficients p^vi^) h^^i^P) in case X = P" 
(see Theorems 16.71 and I6.14p . From this theorem we deduce recur- 
rence relations (Theorems 16.111 and 16.170 for the coefficients p^^(P) 
and b^^{P) which imply Conj ectures 13.11 and 13.101 for X = P". We also 
prove that in the case P = B, Conjecture 13. II holds for the coefficients 
p^g and p^g, where e and s are (respectively) the identity element of 
W and a simple reflection (see Proposition 13.81 and Remark 13. 9p . We 
verify Conjecture 17.11 in the case Y is any opposite Schubert variety 
Xp (cf. Proposition 17.61 and Remark 17.7( a)). 

A secondary purpose of this paper is to collect various results relating 
different bases of KxiX), and relations among the structure constants 
in these bases. Among the natural bases of K^lX) are the structure 
sheaf basis, the dual structure sheaf basis, and the basis of the dualizing 
sheaves of Schubert varieties. Also, one can take opposite Schubert 
varieties in place of Schubert varieties. The positivity conjectures have 
different formulations in terms of these different bases. We describe 
some of the relations between these bases and structure constants, in 
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the hope that this paper will serve as a useful reference for other workers 
in this area. 

The contents of the paper are as follows. Section 1 lays down the ba- 
sic notation. Section [2] contains some preliminary results on Kx{G/P). 
In particular, it identifies the dual structure sheaf basis and also the 
basis of the dualizing sheaves of Schubert varieties (cf. Propositions 12. II 
and 12.21) . Section [3] contains the statement of our positivity conjecture 
(Conjecture 13. ip . We prove the conjecture for the coefficients and 
(for any simple reflection s) in the case P = B (cf. Proposition 13.81 
and Remark l3.9p . We observe that the conjecture has also been verifled 
by an explicit calculation for any rank 2 group in the case P = B. By 
a result of Brion, the nonequivariant analogue of this conjecture holds 
(Remark 13.70 . This section also contains the positivity conjecture of 
Griffeth and Ram (cf. Conjecture 13.1 UP and its equivalent reformula- 
tion in terms of the dualizing sheaves (cf. Proposition l3.13p . It is shown 
that the validity of the Griffeth-Ram conjecture for P = B implies its 
validity for any P (cf. Proposition 13.12]) . Section H] proves some re- 
lations between the structure constants with respect to the structure 
sheaf basis and the dual structure sheaf basis (cf . Propositions 14.11 and 
14. 3p . Section [5] proves that the structure constants with respect to ei- 
ther basis in the case P = B lie in the subring Z[e~^ — l]/3gA+ of R(T) 
(cf. Theorem 15.11 and Corollary 15. 2p . Section [6] contains the explicit 
formula for the structure constants in the case X = P" in the dual 
structure sheaf basis, and the recurrence relation implying Conjecture 
13.11 in this case (cf. Theorems 16.7] I^TTT] and [6.120 . Similar results are 
also obtained in the structure sheaf basis. Section [7] contains our more 
general conjecture asserting the positivity of the coefficients of the class 
of the structure sheaf of a T'-stable subvariety Y of G/P with rational 
singularities written in terms of the structure sheaf basis (cf. Conjec- 
ture [7]T]), for any subtorus T' C T. We prove this conjecture in the 
special case where Y is any opposite Schubert variety in any G/P (cf. 
Proposition 17.61 and Remark 17.7( a) ) . 

We thank M. Brion for some helpful conversations. The first author 
was supported by the grant no. DMS-0403838 from NSF and the second 
author was supported by the PRC grant no. DMS-0554247 from NSF. 

1.1. Definitions and notation. We work with schemes over the ground 
field of complex numbers. 

Let X be a smooth algebraic variety with an action of a torus T. 
Let Kt{X) denote the Grothendieck group of T-equivariant coherent 
sheaves on X; because X is smooth, Kt{X) may be identified with 
the Grothendieck group of T-equivariant vector bundles on X. Thus, 
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Kt{X) is a ring; we will sometimes write the multiplication in Kt{X) 
using the notation of tensor product. The class in Kt{X) of a T- 
cquivariant coherent sheaf will be denoted by [J-"]. In particular, 
if y C X is a T-stable closed subscheme, then the structure sheaf of 
Y defines a class [Oy] in Kt{X); if Y is Cohen-Macaulay, then its 
dualizing sheaf ajy defines a class [uy] in Kt{X). Let * : Kt{X) 
Kt{X) denote the standard involution taking a vector bundle to its 
dual and e'^ to e^^. If r G R{T), we will sometimes write r for *r, 
where R{T) is the representation ring of T. If F D Z are closed T- 
stable subschemas of X, then Oy{—Z) is the ideal sheaf of Z in y. 
Thus, viewed as an element of Kt{X), [Oy{-Z)] = [Oy] - [Oz]. 

Recall that R{T) is a free abelian group (freely) generated by the 
characters of T. If V is any representation of T, we write ch V 
for the corresponding element of R{T) (a linear combination of e^). 
The group Kt{X) is an i?(T')-module. If X is proper, and ^ is a 
T-equivariant coherent sheaf on X, write h^{X, T) — ch H^{X, F) and 

X(X,^) := J](-irch HP{X,J^) e R{T). 

p>0 

We extend this definition to define x(X, 7) for any 7 G KtIX). We 

write h {X,T) = JF) and x(X, 7) = *x(X, 7). For X proper, 

there is a pairing 

(•, •) : Kt{X) ®RiT) Kt{X) ^ R{T) 

given by 

If JF is supported on a T-stablc subscheme Y , then, viewing ^ as a 
sheaf on Y , wc have x(X, JF) = x(y, 

Let G be a semisimplc connected simply-connected complex alge- 
braic group. For the rest of the paper, T will denote a maximal torus 
of G. Let S be a Borel subgroup of G containing T and, as above, let 
A denote the set of roots and A"*" the set of positive roots, chosen so 
that the roots of Lie B are positive. Let {ai, . . . , ae} C A"*^ denote the 
simple roots, and let Si denote the simple reflection corresponding to 
CKj. Let := Z+Oj. Let p = \ X1qga+ ^- ^~ denote the Borel 
subgroup of G such that B fl B~ = T. 

Let P D 5 be a (standard) parabolic subgroup of G and let Wp 
be its Weyl group. Let be the set of the minimal length coset 
representatives in W/Wp. For w G , let X^ (respectively, Xp) 
be the Schubert variety (respectively, the opposite Schubert variety) 
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defined by 

= BwP/P C G/P 

X"^ = B-wP/P C G/P. 

(Here and elsewhere we use the same notation for elements of W and 
lifts of those elements to G.) Set 

dX^= □ BvP/P, 

v<w 

and 

dx';^ = y B-vP/P. 

v>w 

Except in Section El we will abbreviate X^ and X'^ by X^ and X"^, 
respectively. If A is a character of P and C\ is the corresponding 1- 
dimensional representation of P, let jC{X) denote the line bundle G Xp 
Cx-i on G/P. 

Given an element 7 G Kt{G/B), we write 7(w) for the puUback of 

7 to Kt{{wB}) = R{T). 

2. Preliminary results on Kt{G/P) 

Recall that X^ and X^ are Cohen-Macaulay (cf. |BK05I Cor. 3.4.4]) 
and hence their dualizing sheaves ujxp and uxf make sense. 

It is well known that {[C^x^'lliuevK^ is a i?(T)-basis of Kt{G/P), 
and so is {[Cx-]}«,giyp. For any w G W^, set = [Ox-{-dX^)] G 
Kt{G/P). 

The next proposition is known and has been observed for example 
by Knutson (see |Buc02t Section 8]). 

Proposition 2.1. For any v,w & , 

i.e., {[Oxp\}w&wP {^p}w&wp o,re dual bases under the above pair- 
ing. 

Proof. Since the intersections X^nXp and X:^ndXp are proper {dXp 
is also Cohen-Macaulay since it is of pure co dimension 1 in the Cohen- 
Macaulay variety Xp), we get (by |Bri02[ Lemma 1]) 

{[OxslCp) = x{G/P, Oxsnx^^{-x^ n dX^p)). 

By jBL03l Proposition 1], 

xiOxSnx^,) = 1 (or 0) 
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according as 

x^nx];^0(orX^nx)!, = 0). 

Similarly, 

x{OxPndx-p) = 1 (or 0) 

according as 

ndx^p^% (or n dx'^p = 0). 

Now, 

n X]?, ^ ^ w > and 
n dX^'p 7^ <^ there exists a.d eW^ such that w>d>v 
w > V. 

Combining the above, we get the proposition. □ 

Let {T^}wew be the Kostant-Kumar _R(T)-basis of Kt{G/B) (cf. 
|KK9ni Remark 3.14]). We abbreviate i'% by (as noted above, X^ 
and X'^ are abbreviated as X^ and X"', respectively). 

The next proposition gives some of the relations between various 
T-equivariant sheaves on G/B and between elements of Kt{G/ B). 

Proposition 2.2. For any w & W 

(a) oJXy, — e^''>C(— p) ® Ox^{—dXw) as T-equivariant sheaves. 

(b) ujx^ — ePC{—p) ® Ox^{—dX^) as T-equivariant sheaves. 

(c) ^t"" = = e-P[L{p)][uJx^-i], as elements ofKriG/B). 

(d) enC{p)]{*T-) = {-lY(-U[0^^-.]. 

Proof. By |Ram87t Theorem 4.2], as non-equivariant sheaves, 

cux^,c^Ci-p)0OxA-dX^). 

We now determine ux^ as a T-equivariant sheaf. Since BwB/B is a 
smooth open subset of X^, ujx^\{BwB/b) is the canonical line bundle. 
The fiber of ux^ at the T-fixed point wB G BwB /B as a T-module is 
given by the character | A~ni(7A"'"| = ^aeA-nt«A+ ^ ~ wp—p. The fiber 
of C{—p) at wB has weight wp and clearly the fiber of Ox^{—dX^) at 
wB has weight 0. Combining the above, we get (a). (Here we have used 
the fact that on a reflexive sheaf S of rank 1 on an irreducible projective 
T-variety X, there exists at most one T-equivariant structure such that 
the induced T-module structure on the stalk of iS at a T-fixed point 
Xo G X is trivial.) 

The proof of (b) is similar. 
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By |KK90i Proposition 3.39], for any v,w E W, 

(3) x{X.-^,*rn = {Ox^.,,*Tn=S.,^. 

By the preceding proposition, this imphes that = ^ , proving 
the first equahty of (c). The second equahty of (c) follows from (b) 
and the definition of By |Bri02t §2] (which holds equivariantly), for 
any closed T-stable Cohen-Macaulay subvariety Y C G/B, we have 

*[Oy] = i~ir''''^'^[uJY] ■ *[cog/b]- 

Part (d) follows by combining (c) with this equation for Y = \ 
using the fact that ujg/b — '^(~2p). □ 

3. A POSITIVITY CONJECTURE FOR Kt{G / P) 

3.1. Positivity in the dual Schubert basis. We make the following 
conjecture concerning the multiplication in Kt{G/P) in terms of the 
basis {^^}. 

Conjecture 3.1. For any (standard) parabolic subgroup P and any 
u,v E W^, express 

(4) CpCp= E PuAP)Cp, 
for some (unique) p^^(P) G R(T). Then, 

where the notation Z+fe^'^— means polynomials in {e~^— l}/3gA+ 
with coefficients in Z_|_. 

We will write simply for p^„(i?). 

Remarks 3.2. (a) By an explicit case by case calculation, we have 
verified the validity of the above conjecture for P = B and any 
rank-2 group G. 

(b) We show the validity of our conjecture when G = SLn+i and P 
is the standard maximal parabolic subgroup corresponding to 
the first node (so that G/P = P") in Section [S 

The next proposition gives a relation between structure constants 
under the inclusion of fiag varieties associated to Levi subgroups. In 
the special case where the fiag varieties are projective spaces, this result 
also follows from our explicit calculation of the structure constants (see 
Corollary ElO]). 
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Proposition 3.3. Let G, P, T be as in the above conjecture and let L 
be the Levi subgroup of P containing T. Let Q be a standard parabolic 
subgroup of G contained in P and let Ql := LHQ be the corresponding 
parabolic subgroup of L. Then, for any u,v,w G (Wp)^'^, 

pIv{Ql)=p:aq), 

where p^vIQl) ore the structure constants for the flag variety L/Q^. 
( Observe that (Wp)qj^ can canonically be identified with Wq and (Wp)'^^ 
is canonically embedded in .) 

Proof. Observe that the canonical inclusion i : L/Ql ^ G/Q takes 
the Schubert variety C L/Ql isomorphically onto the Schubert 
variety C G/Q, for any w e [Wp)'^'^. For w G , we claim 
that equals if w G (M/p)'^^, and is otherwise. Indeed, for 

ue{Wp)^^, 

proving the claim. 

For u,v E {Wp)'^^, we have 

On the other hand, since i* is a ring homomorphism, we have 

Comparing these two expressions, we get the proposition. □ 
Lemma 3.4. Let tt : G/B G/P denote the projection. Then 

^*iCp)= foranyveW^. 

u£vWp 

Proof We have (7 r*(e^), [O^J) = {^"p,7i.[OxJ) ■ Further, n,[OxJ = 

by |BKn5l Theorem 3.3.4(a)]. Thus, by Proposition EH {^p, tt^[0 
is unless vr(Xu) = X^, and this holds if and only if -u G vWp. The 
lemma follows from this, together with Proposition 12.11 applied to the 
case of G/B. □ 

Unlike Conjecture 13.101 below due to Griffeth-Ram, the validity of 
the above conjecture for P = B does not seem to give the validity of 
the conjecture for an arbitrary (standard) parabolic P. In fact, we have 
the following proposition relating the structure constants for P and B. 
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Proposition 3.5. For any u,v,w & W^, 

u'euWp 

v'evWp 

Proof. Since 

CpCp= E PuAP)a 

taking tt* and using the above lemma, we get 

E c'c'= E fc(p) E r'), 

u'£uWp weW^ w'ewWp 
v' dvWp 

i.e., 

E E pl'AB)e= E E 

few u'euWp wewp w'ewWp 

v'evWp 

Equating the coefficients from the two sides, we get the proposition. □ 

Let D be the diagonal map G/P G/P x G/P. This, of course, 
induces the push-forward map 

: Kt{G/P) Kt{G/P) ®r^t) Kt{G/P), 

p>0 

and also the pull-back (product) map 

D* : Kt{G/P) ®RiT) Kt{G/P) ^ Kt{G/P). 

Here we hav e identified Kt{G/PxG/P) with Kt{G/ P)®r(^t)Kt{G/ P) 
(cf. |CG97i Theorem 5.6.1]). The next proposition gives another de- 
scription of the coefficients p^^(P). 

Proposition 3.6. For any u,v,w E , 

Proof. This follows from functorial properties of fC-theory. To see this, 
for any space Y, write vry for the projection from F to a point. Write 
X = G/P. By definition, JF) = nx^iJ^). By definition of the 



ON POSITIVITY IN T-EQUIVARIANT ii'- THEORY OF FLAG VARIETIES 11 

coefficients p^„(P) and Proposition 12.11 

= {7^x.x\D,{D*{iimil)®Pxp]) 
= {7ix>.x)Mp^Cp) ® D^Pxp]). 

Since {^p ^ ip} and [pxp] ^ Pxp]} are dual bases of Kt{X x X), 
the lemma follows. □ 

Remark 3.7. The non-equivariant analogue of the preceding propo- 
sition holds with the same proof. Combining this with |Bri02l The- 
orem 1], we see that the structure constants F(p^^(P)) for the non- 
equivariant multiplication in the basis {ip}u (cf. equation (4) of Con- 
jecture |3TT]); here F : R{T) ^ Z is the forgetful map) satisfy 

(-i)'("')+'(")+'(")f(p:^^,(p)) G z+. 

For any subset S C {I,-- - ,£} (including 5 = 0), let Ws be the 
subgroup of W generated by the simple reflections {si,i G S}. Recall 
that ■■=Yl,i '^+cti- 

Proposition 3.8. For any u,w & W , and any S C {!,■■■,£}, we 

have 

v€Ws /3eQ+ 

In particular, 

Proof. As in Proposition 13. 6[ write 

D*[OxJ= Yl PlvPxJ^Px.]. 

Pairing this with Kl C{—ps), we get 

(5) xiX^,C®^-ps)) = YplvXiX.,Ci-ps)), 

where pi is the i-th fundamental weight and ps := J2i^s Pi- 
We claim that, for any v ^ Ws, 

(6) H\X^, C{-ps)) = for all i > 0. 

Let P = P5 be the parabolic subgroup corresponding to the subset 
S, i.e., the Levi subgroup of Ps containing T has for its simple roots 
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{ai}i^s- Then, the hne bundle C{—ps) is the pull-back of a line bundle 
on G/P. Moreover, by |BK05l Theorem 3.3.4], 

(7) W{X,,C{-ps)) = H\X,,,Chps)), 

where v' is the coset representative of minimal length in the coset vWs- 
Take Sj, j ^ S, such that v'sj < v'. Then, the standard projection 

IT : Xy/ — > X^/ is a P -fibration and C{—ps) has degree -1 along the 
fibers of n, where Pj = P{j}- Hence, p^) = for all i; (Ej) 

follows from this and the Leray spectral sequence together with (JTj). 
For V e Ws, by ©, 

H\X,,C{-ps)) = H\X,,C{-ps)). 

Thus, 

H\X^, C{-ps)) = if i > and 
ch H^{X,,C{-ps)) = e''. 

Thus, by dSD, 

x{x^,C^c{-ps)) = {J2pI^) 

veWs 

i.e., 

(8) Yl = ® i^{-Ps)). 

v^Ws 

Now, 

x(x^, r ® i:-{-ps)) = x{x^ n x", c{-ps){-x^ n dx^)). 

By |Bri02t Theorem 4], this equals 

(9) (-i)^w+^Htf;„(^*ch(i70(x^„„nx-°-,/:(p5)(-x^„.n9x-°-)))), 

where Wq is the longest element of W. (Brion's result is stated non- 
equivariantly, but if we change his duality formula to the following: 

then it remains true T-equivariantly by a similar proof.) By |BL03t 
Proposition 1], the restriction map 

H'{G/B, Cips)) ^ H'iX^^^ n X-°-, Cips)) 

is surjective. Also, 

H%x^^^nx^''^,Cips)i-x^^^ndx^''n) c H%x^^^nx^''^,cips)). 
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Since H^{G/B, C{ps)) is the irreducible G-module with highest weight 

—WoPs, we see that 
(10) 

e-p^Wo{*ch(^H\x^^unx^''^,C{ps){~x^.undx^n))) e Yl ^+^"^- 

Combining (IHIl- (fTOj) . we get the lemma. □ 

Remark 3.9. Comparing the expression obtained in the above proof 
for p^,,. + Pu^e and (for any simple reflection Sj), it can be shown 
that 

3.2. Positivity in the structure sheaf basis. We recall below the 
conjecture of Griffeth and Ram on the nonnegativity of the product 
in the structure sheaf basis. They verified their conjecture for rank- 
2 groups by an explicit case by case calculation. In this section we 
prove that the validity of their conjecture for P = B implies its valid- 
ity for every (standard) parabolic subgroup P, and give an equivalent 
formulation of their conjecture in terms of dualizing sheaves. 

Conjecture 3.10. For any standard parabolic subgroup P and M,f G 
W^, express 

(11) [Ox^jOx^,]= Yl cl.{P)[Ox-,]eKT{G/P), 

for some (unique) c^^{P) G R(T). 
Then, 

Remark 3.11. Express 

Then, an equivalent formulation of the above conjecture asserts that 

(_l)dim(G/P)+£H+£{.)+£M^«,^^^p) e ^46" - l]^eA+. 

Moreover, an argument similar to the proof of Proposition 13.61 shows 
that the structure constants 6^„(P) are described by the equation: 
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Proposition 3.12. We have 

(12) cl^{P) = cl^iB), for anyu,v,w G W"". 

Hence, the validity of the above Conjecture \3.1U for P = B implies its 
validity for every (standard) parabolic subgroup P. 

Proof. Let tt : G/B G/P he the standard projection. Since n is 
a T-equivariant smooth morphism, for any T-stable closed subvariety 
Z C G/P, 

7i*[Oz] = [a-i(z)]. 

Thus, 

(13) = [Ox^l 

since B~wP/P = WoBwowP/ P and WqW is the longest element in the 
IVp-orbit WowWp. 

Since tt* is a ring homomorphism, f[T^ follows from f[T^ . □ 

As a consequence of this proposition, we will simply write for 

The following proposition provides an equivalent formulation of Con- 
jecture 13.101 in terms of dualizing sheaves. 

Proposition 3.13. For any standard parabolic subgroup P and any 
M, f G , express 

(14) [ujx^^] . [ujx^^] = J2 dlviP)[^x^][uJG/pl 

for some (unique) d^^{P) G -R(T). Then, 

(15) <.(P) = (-l)^H+^W+^(-) * (c- J. 

In particular. Conjecture \3.1(M s equivalent to the conjecture that d"^ ^{P) G 

Z+[e^-l]^gA+. 
Moreover, 

d^AP) = dl,{B), for any u,v,w e W"". 
Proof By [Bn02l §2], 

(16) *[Oxj] = (-l)^(^)[cux|,]-*[a;G/p]. 
Multiply equation f|T4l) by *[ljc/p]'^ to get 
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By ( TTGI) . the above equation reduces to 

Comparing this with the identity (fTT]) of Conjecture 13.101 we get 

This proves f|T5|l . □ 
4. Relations between structure sheaf constants 

In this section we restrict to the case P = B, and prove two re- 
lations (Propositions 14.11 and 14.31) between the structure constants in 
the structure sheaf basis and the structure constants in the dual basis. 
However, we do not know how to use these relations to relate the two 
positivity conjectures 13.11 and 13.101 

Write 

[C{p)][Oxe]=Y. diPx^], 
wGW 

for some (unique) G R{T). The following proposition gives a relation 
between the structure constants c^,^ and p^,,. 

Proposition 4.1. For any u,v,w & W , 

e&w 

Proof. By Proposition 12.21 

^ _ (_i)^MeP [C{p)][Ox^]. 

We have 
and hence 

[Ox^][OxA = (-l)^(")+^('^) J2(-lf'^fuXl^ip)]Pxo] 

eew 

= (_1)^H+^M J2 hlY^'^t,ydi[Ox^]. 
e,w&w 

From this the proposition follows. □ 

Before stating the second relation between structure constants, we 
compare the bases {^^}vew and {[Ox"]}t)GVi^ of Kt{G/B). Let 



otherwise 
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denote the Mobius function of the Weyl group W. 
Lemma 4.2. For any v & W , write 

■w€W 

Then 

e^^^ = l, ifv<w 
= 0, otherwise. 

Thus, 

Proof. By Proposition 12.11 

e.,. = {[OxJ, [Ox^]) = x{G/B, [OxJ ■ [Ox^]). 

Since X^, fl X"" is a proper intersection, by |Bri02l Lemma 1], [Ox^] ■ 
[OxA = [Ox^nx^. Thus, e„,^ = xi^,, n X\Ox^nx^). By [BL031 
Proposition 1] (cf. proof of Proposition 12. II) . 

x(X^^X^Ox„nxO = l(or 0) 

according as fl X"" is nonempty (or empty), i.e., 

x{X^nX\Ox^nx^) = l, ifv<w 

= otherwise. 

This proves the first part of the lemma. 
Define the matrix 

Then, by |Deo77l §3], is the Mobius function, i.e., 

{E''^)v,w = fi{v,w). 

From this the second part of the lemma follows. □ 

We can now state the second relation between the structure con- 
stants. 

Proposition 4.3. For any u,v,w ^ W , 

(17) <„ = (-l)^(-)$^(-l)^(^;,. 

u<y 
v<z 

e<w 
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Similarly, 

(18) p:. = (-1)^(")^^(^)E(-1)'^'^^'^^^<- 

u<y 

v<z 



Proof. By Lemma [4.21 

y 2 



y,z,y,w 



u<y 
v<z 

e<w 



Thus, equating the coefficients in the basis, we get 

u<y 
v<z 

e<w 

To prove (1181) . write by Lemma [4. 2[ 

y z 

y,z,e 



y,z,o,w 
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Thus, 



'^^_-^Y{u)+£{y)+e{v)+e{z) ^ 



y,z- 

u<y 
v<z 

e<w 

This proves the proposition. □ 
5. Multiplicative structure constants lie in Z[e"^ - 1] 

Let Z denote the center of G, and let T' = T/Z. The map T — > 
T' induces an injection R{T') * R{T) whose image is the subring 
^[e^]/3eA of R(T). Of course, Z[e^]^gA = ^[e'^ — l]/3eA; writing the ring 
in this way emphasizes the relationship with the positivity conjectures. 

The main result of this section is the following theorem concerning 
the structure constants in the dual structure sheaf basis, in the case 
P = B. 

Theorem 5.1. With the notation as in Conjecture \3.1l for any u,v,w E 
W , we have 

Proof. We first show that p^^ G R{T'). Because Z acts trivially on 
G/ B, the action of T on G/ B factors through the action of T' = T/Z. 
Therefore, there is a canonical map Kt'{X) — > Kt{X) compatible 
with the map R{T') —>■ R{T). By the cellular fibration lemma [CG97t 
Lemma 5.5.1], Kti{X) is free over R{T') and the classes of Ox^ in 
Kt'{X) form a basis. Since the class of Ox^ in Kt'{X) maps to the 
class of the same sheaf in Kt{X), and the map Kt'{X) Kt{X) is a 
ring homomorphism, the structure constants &^„of the multiplication 
in Kt{X) with respect to this basis must be the images of the corre- 
sponding structure constants in Kt'{X), and hence must lie in R{T'). 
Thus, by (ITSl) . must lie in R(T') as well. 
By Proposition 12.2( c). 

(19) C = *r'"~\ for any w E W. 

By [KK901 Proposition 2.22(h)], = unless u,v < w. We will 
prove the proposition by induction on i{w). The proposition is true 
for = 1 since ^ = unless u = v = 1. Moreover, p\-^ = 1, since by 
|KK90i Proposition 2.22(b), (f)], 

rV^ = + ^rf"'r"'. 
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for some d^} G R(T). 

Fix u,v E W and assume by induction that pf^ ^ G Z[e^'^ — 1] for all 
6 < w. Write 

By dTlD, 

(20) a^^^, = for any u,v,w e W. 
Now, 

(21) r--\w-^)T^-\w-') = Y.<y'\^~') + <^^''~\^~')^ 

0<w 

as T^~\w- ^) = for (5 ^ w by |KK9nt Proposition 2.22(b)]. By [WilOG] 
or |(;ran2] . 

(22) T'-\w-')eZ[e^-l]p^^^. 
Moreover, by |KK90l Proposition 2.22(b)], 

(23) T--\w~')= n (1-^^)- 

Let rCj := e°% I < i < i, where {ai, . . . ,ai} are the simple roots. 
Then, R := Z[e^]^gA+ is the polynomial ring . . . ,xe], and 

R(ZR{T') := Z[x^\...,xf ]. 

We have proved earlier that a^^ is in R{T'); thus, to prove the theorem, 
it suffices by (EDI) to show that a^^^ e i?. By ([20]) -(ESI), and induction, 

(24) a-,r--^(./;-i)Gi?. 

Moreover, by ( l23l) . r"' ^(w~^) is in _R and does not vanish at 0, so a^^ 
has no pole at 0. Hence, 

a"^,^ G C[xi, . . .,Xi]. 

We next show that the coefficient of each monomial in must be 
an integer, so that a^^ E R. Write 

^u,v = Yl forcd G C, 

where x- := xf^ ■ ■ ■ xf for d = {di, . . . , dg). Choose, if possible, q° ^ Z 
so that \d°\ := d1 + ■ ■ ■ + d1 is minimum with this property. Then, ( l24l) 
implies that 

( E c,J)r^'\w~')^R. 

\d\>\<f\ 
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which is a contradiction, since the constant term of r"' (w-^) is 1. 
Hence, a^_„ G R, as desired. □ 

Corollary 5.2. For any u,v,w G W, we have that c^^ G Z[e~^ — 

Proof. This follows by combining Theorem 15.11 and Proposition 14.31 
Alternatively, it can be deduced by an argument similar to the proof of 
Theorem 15. using the formula of |Gra02j for the puUback of elements 
of the structure sheaf basis to T-fixed points. □ 



6. POSITIVITY IN EQUIVARIANT i^-THEORY OF P" 

In this section we prove an explicit formula for the structure con- 
stants in the dual structure sheaf basis in case G/P = P". We use this 
to deduce a recurrence relation which implies Conjecture 13.11 in this 
case. We give the analogous results for the structure sheaf basis. This 
section can be read independently of the previous sections, except for 
references to a few results. 

6.1. Preliminary results on Kt(P^). Let X = P" with projective 
coordinates [xi, . . . ,Xn+i]- Thus, X = G/P, where G = SLn+i and 
P = stab[l,0,...,0]. Let T = {(ti, . . . , G {C*r+'\YlU = 1} 

be the maximal torus of G acting on X in the obvious way. Let B 
denote the set of upper triangular matrices in G. Let e^* G T be 
defined by e^'(ti, . . . , = ti, where T is the group of characters 
of T. Written additively, we denote e"^' by Ei itself. Then, the set of 
positive roots is A+ = {Si — ej\l < i < j < n + 1}. Let Xi = + ' ' ' + 
ei,i = 1, . . . ,n + 1; for i < n these are the fundamental (dominant) 
weights. The elements of can be identified with the set of integers 
[n] := {0,1, ... ,n}. In this section we deviate from our convention in 
the rest of the paper and, for any m G [n], simply write Xu, X",^" for 
X^, Xp and respectively. Then, X^ = {[xi, . . . , Xu+i, 0, . . . , 0]} and 
X" = {[0, . . . , 0, Xu+i, . . . , Note that dimX^ = codimX" = u, 

and the intersections X^j flX" are transverse. We will write simply 
for the structure constants with respect to the basis {^"} of KtC^""), 
and for the structure constants with respect to the basis 

Let . . . , fik) denote the T-module with weights fii, . . . , fik- Let 

Ep{xi, . . . ,Xr) denote the p-th elementary symmetric function in the 
variables xi, . . . ,Xr. Recall that D denotes the diagonal embedding of 
X in X X X. 
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Lemma 6.1. If ■y & Kt{X), then, for any u,w E [n], 

= x{x^nx\ 7)-x(x^^9x^7). 

Proof. Arguing as in the proof of Proposition 13.61 we get that the left 
hand side equals x{X, ® [Ox^i~dX^)] ® 7). This in turn equals 

[OxJ ® [Ox-] ® 7) - xiX, [OxJ ® [Oax^] ® 7)- 

Since X^ intersects X" and dX^ properly and these varieties are Cohen- 
Macaulay, Brion's result |Bri02l Lemma 1] implies that [Cx^,]® [C'x"] = 
[Ox^nx^] and ® [Oax"] = [Cx,„nax"]- Hence the above difference 

equals 

[Ox^nx^] ® 7) - x{x, [Ox^ndx^] ® l) ■ 

In general, if F is a closed subscheme of X, the projection formula 
implies that x{X, [Oy] ® 7) = xO^j l)- The result follows. □ 

For any n G Z, the character e"^^ of T extends to a character of P. 
As earlier, let C„£^ denote the corresponding P-module and let C{nei) 
denote the hue bundle Gxp C_„s, on X = G/P = P". 

Lemma 6.2. For any n G Z, C{nei) = Oxin) as G-equivariant line 
bundles, where denotes the dual of the tautological bundle. 

Proof. Both C{n6i) and Ox{n) are sheaves of sections of G-equivariant 
line bundles. Hence, the line bundles are determined by the character 
of P on the fiber over the P-fixed point [1,0, ... ,0]. Since P acts by the 
character e~"^^ on each line bundle, the line bundles are isomorphic. □ 

Lemma 6.3. If w > u, then as T-equivariant coherent sheaves on 

Xw n x^, 

uJx^nx^ = m-w + u - 1) E,)\ ®e^"-^-+\ 

Proof. Observe first that X^flX" = {[0, . . . , 0, Xu+i, ■ ■ ■ , Xw-^-i, 0, . . . , 0]}. 
In particular, Xy, fl X" is a projective space. To prove the lemma, we 
will show more generally that if T acts on a vector space V with weights 
/ii, . . . , /ifc+i, then, as T-equivariant sheaves on P(V^), we have 

^p(y) = e-(^^+-+^^+^) a(y)(-(A; + 1)), 

where F(y) denotes the space of lines in V. This is a consequence of 
[Har77. Ex. HI. 8. 4]; a direct proof is as follows. We know that non- 
equivariantly co'p(y) = Op(v')(— (A; + 1)). So, equivariantly we must have 
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^¥{v) = ® 0¥(y){—{k + 1)), for some character e'^ of T. To deter- 
mine /i, observe that T acts on H^{¥{y)^ujT^{y)) by the trivial char- 
acter e° = 1. This holds since, by Serre duality, H^{¥{y),ujf,{y)) = 
H^{¥{y), Ov{v))* ■ Moreover, this isomorphism is T-equivariant be- 
cause the Serre duality is natural; since T acts trivially on iJ°(P(V"), Op(y)), 
the claim follows. On the other hand, we claim that T acts on H^{¥{y), 
0^{y){—{k + 1))) with weight + ■ ■ ■ + fik+i- To prove this, observe 
that on the open set Ui where the i-th coordinate Xi is nonzero, we 
have a section 

^ f Xi X2 

Ti : [xi, . . .,Xk+i\ ^ - 



of Cp(i/)(— 1), on which T acts with weight fii. A generator of H'^iFiV), 
(/c + 1))) is represented (as a Cech cocycle) by the section 
T1T2 ■ • ■ Tfc+i G T(Ui n ■ • ■ n Uk+i, 0{—{k + 1)). Since T acts on this 
section with weight /ii + ■ ■ ■ + /ifc+i, the claim follows. We conclude 
that, T-equivariantly, 

0^v){-{k + 1)) = ujnv) ® e^i+-+^'=+S 
proving the lemma. □ 

Let li C X be defined by the equation Xi = 0. 
Lemma 6.4. [OyJ = 1 - e""' [£(-£1)] m Kt{X). 

Proof. By Lemma ESI '^{—^i) = !)• Let ly. denote the ideal 

sheaf of Yi. Since [OyJ = 1 — [XyJ, it suffices to show that Ty. = 
e~^' Ox{—^) as T-equivariant coherent sheaves on X. On the open set 
Uj : Xj 7^ 0, we have affine coordinates 7^ j)- Now, Xy^Uj) is 

generated by the section (Tj = which transforms under T by the 
weight Ej — Si. Similarly, Ox{—^){Uj) is generated by the section 

' Xi X2 Xn+l 



T. 



j ■ [-^1 , ■ ■ ■ , X 



n+lj 



which transforms under T by the weight Ej. Since 

Ofc _ Tfc _ 

(7 j Tj Xjz 

it follows that the map Ox{—^) ® e~^' ly- defined on Uj by Tj®l v-^ 
aj is a T-equivariant sheaf isomorphism. □ 

Remark 6.5. More generally, the following is true. Let Y be any T- 
scheme and let £ be a T-equivariant line bundle on Y. Given a section 
cr of weight A and zero scheme Z{a), we have 
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See Proposition 17.31 for a related result. 
Corollary 6.6. 

V 

C = e-^^^^[^-e^)] - e^' [£(-£1)]) {0 < v < n) 

i=l 

n 

C = X{{l-e-^^[C{-e{)]). 

1=1 

Proof. C = [Ox-i-dX'')] = [Ox-] - [Ox^+i]- Foi 1 < v < n, since X"" 
is the transverse intersection of Yi, . . . ,Y^, we have by Lemma [6.41 

[OxA = fl[OY.]=f[{l-e-^^ [C{-e,)]). 

i=l i=l 

(For V = 0, this formula is interpreted as saying that [Oxo] = 1, which 
is true since X^ = X.) A similar equation holds for [O^^+i] (with 
= 0, as X"+^ is empty). Subtracting the two formulae gives 
the result. □ 



6.2. Structure constants with respect to the dual structure 
sheaf basis for /^^(P"). Write Qjf ]p = Op and j hj sH^p^g = 
bp^q. We have the following explicit formula for the structure constants 
with respect to the dual structure sheaf basis. 

Theorem 6.7. For any < u,v,w < n, 



( 1 \ u+v+w w 



aXm+l-Xu+l-Xu+l 



Proof. We have 



(nr=i(i-te-)) (n:=i(i-te-)) 



nr="'i'(i-te-: 



u+v—w+l 



(25) 



pl, = x{X X X, D,[OxJ ® {[OxA-dX^] K D) 

= x(x^ n X", C) - xix^ n x"+\ f), 



where the first equality is by Propositions 13.61 and 12.11 and the second 
is by Lemma 16. 1[ Suppose first that v < n. (We separate the case 
V = n because the formula for C,^ is different in this case.) We have, by 
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Corollary I6.6[ 

V 

i=l 

V 

p=0 

V 

p=0 

We apply Serre duality to this formula, using the formula of Lemma 
16.31 for the dualizing sheaf. Thus, the above sum can be expressed as 
(note that fl X" is nonempty iff w > m and dimX^ fl X" = w — u): 

V 

In this expression, the only contribution comes from the cohomology 
in degree (this follows from |Har77t Theorem III. 5.1], since X^ flX** 
is a projective space). So, the above expression reduces to 



V 



-£1 p-£v 
, . . . , o 



p=0 

X F{X^ n X", C{{p -w + u) Si)) 

V 

p=0 



Xch(^^P-"'+"(\/(£„+l,...,£^+l))j. 

Form the generating function 
f{s, t) = • • • ' e-^") ch [s^{V{eu^^, . . . , e.+i))) sH'^ 



p,<i 

V w + 1 



=(n(i-^e--))( n (i-te^o-^), 

1 = 1 j=u+l 

where the expansion of (1 — te^^)~^ is at t = (i.e., as a power series 
in t). Then, 

x(x^ n X", r) = (-1)'"+" e^»+->^-^"+^ [^(^' 
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Setting s = we obtain 

r(n(i-t-v-))( n {i-te^T' 

«=1 j=U+l J u+V-W 

V w+1 

j=u-\-l J u-\-v—'W 

;n(i-te-))( n ii-te^T' 

i=l j=u+l 



u+v—w 

where multiplying by enabled us to shift degree from u—w to u+v—w, 
and in the last step we have used the equation Xv+i = + ... + e^+i- 
From this last expression, we obtain 



x(x^^x^^) 

= qXw+1-Xu-Xv+1 

Set 



(nr=i(i-^e-))(nLi(i-te-)) 



A 



nrJ(i-te-) 
(nr=i(i-te-))(nr=i(i-te-)) 



u+v—w 



Replacing m by m + 1 in the formula for flX", yields an expres- 
sion for xi^w n X^~^^,^^) (the expression turns out to be if m = n, 
so we can allow the case m = n in the argument). The difference is 

^ ^_-^ya+v+w gX»+i-x.-X.+i (^[tA]„+,_^+i + e-^"+^[A(l - 

(26) 

= ^_'^^u+v+w gX™+l-X«-£ti+l-Xu+l 

Since + Eu+i = Xu+i, we obtain the desired expression from (125|1 . 
This proves the result if f < n. Interchanging the roles of u and v 
proves the result if m < n. The only remaining case is m = f = n. 
Rather than imitate the argument above for this case, we will simply 
calculate both sides of the equation in the statement of the theorem. 
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Since ^" = [Ox^] and X" = {[0, . . . , 0, 1]}, the self-intersection formula 
(cf. jVV06^ Theorem 2.1]) implies that 

n 



i=l 



So 
(27) 



fn,7 



ifw < n and 



(2J 



-i)>: 



n 

n,n 



-i)"n(i 



I). 



1=1 i=l 

Observe that the right side of the equation in the statement of the 
theorem is unless w = n (see the proof of Corollary 16.81 below) . So, 
it suffices to calculate this side ii w = n. The case n = 1 gives the 
correct result (we omit the calculation). Assume the result holds for 
n — 1. We have 



-Xn + l 



nr=i(i-te": 



1 - te^"+i 



n+l 



-Xn+l 



-Xn+l 



nr=i(i - te^') (1 - ■ nr=2(i - te^-) 

1 — te^"+i 1 — te^"+i 

I (i-te^"+o-nr=2(i-te^ 

1 — te^"+i 

t(e-"+^-e-0-nr=2(l-te^') 
1 — te^"+i 



n+l 
n 



i=2 



n+l 



The second product is of degree n — 1 in t and therefore contributes 
nothing to the degree n+l part. So, the above expression equals 



g-Xn + l(^gen + l _ g£l) 



n 



i=2 



1 - te="+i 



l)e- 



Xn+i+ei 



nr=2(i-te-; 



o^n + 



1 — te="+i 



1=2 



where in the last step we have used our inductive hypothesis. The 
result follows from identity (128|1 . □ 
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Corollary 6.8. If Pu,v 7^ 0; ^^'^^ u^v <w <u + v + 1. 

Proof. Keeping the notation of the previous proof, we observe that the 
power series expansion of A contains no negative powers of t. Hence, 
if 7^ then, by the previous theorem, u + v — w + 1 > 0, i.e., 
w < u + V + 1. Next, if w < M — 1, then A is a polynomial of degree 
u + V - w ~ I. Hence, [y4]^,+„_^+i = 0, so p^,, = 0. Thus, if pZ,v 7^ 
then u < w; similarly, v < w. □ 



Corollary 6.9. 



_ „£w+l-£l 
Pwfi — ^ 

Proof. The first statement is immediate from Corollary 16. 8[ The other 
formulas are easy consequences of Theorem 16.71 □ 

Corollary 6.10. If n,m > w then the structure constants p^^ are the 
same for P" and P'". 

Proof. This follows immediately from the expression for p^^ given by 
the theorem. □ 

If w < n and /ii, . . . , /x„+i are weights of T, let p^vif^iy • • • 5 /^n+i) 
denote the element of R(T) obtained by replacing Si by /ij in the ex- 
pression of the theorem for p^^, for i = 1, . . . ,n + 1. 

Define p^v — {~^)^^^~^^Puv The next theorem gives a recurrence 
for the We set p^^ = if m, f or ti) is negative. 

Theorem 6.11. If v >1, then 

PI. = {e'-^'-''-l)p::l^i{e2, . . . ,£„+i) + e^"+^-^^p-;ii(£2, • • • 

Proof. Let A be as in the proof of Theorem 16. 7[ We can cancel common 
factors from the numerator and denominator to write 

n;ii(i-te^o' 

Let 



B 



By Theorem 16. 7[ 

fiw _ „Xw+l-Xu+l-Xv+i\ A] 

Pu,v — ^ [^\u+v+l-w 
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We have 

f,Xw+i-Xu+i-Xv+i\ A Rl 



We can get rid of the factor t in the numerator by taking the part in 
degree u + v — w. Since 6*^"+^ — e^^ = e^^(e^"+^^^^ — 1), we see that the 
above expression equals 



u+v—w 



Using the definition = + ••• + we see that the above expression 
equals 



Next, we have 



(29) 



□Xui+i — Xti+i ~Xu+i 



n 



w+l 
j=u+2 



'1 - te^ 



Now, 



Xw+1 — Xu+1 — Xv+1 — i^l + ••• + £w+l) — i^l + ••• + £u+l) 

- {ei + ... +e^+i) 
= {62 + ... + e^+i) - {e2 + ... + eu+2) 

- {e2 + ... + e^+i) + {eu+2 - £1] 
Using this we see that the expression fl29l) equals 



£„+2-ei ^{W-l f \ 



This proves the theorem. 



□ 



As an immediate consequence of these results, we can verify Conjec- 
ture [XT] for projective space: 

Theorem 6.12. For all < u,v,w < n, 

C.eZ+[e-"-l],eA+. 



Proof. This holds if f = by Corollary 16.91 The general case follows 
by induction using the recurrence of Theorem 16. Ill □ 
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Remark 6.13. (a) For < u,v,w < n, define 

Then, by the same proof as that of Theorems 16.71 and I6.1H we have 
the recursion 

(lu,v - - ^) (lu-l,v-l[^2, ■ ■ ■ ,Sn+l)+e g„„_i(^£2, • • • 

So, by induction on w, we get that 

(b) As a consequence of Theorem 16.111 and Corollary 16.91 we get that 
in the non-equivariant i^-theory K {¥"■), we have 

Pu,v = 0' i0TU + V>W 

and 

Pu,w-u = 1> for anyu < w; = -1, for anyu < w - 1. 

6.3. Structure constants with respect to the structure sheaf 
basis of Kj'(P"). We give explicit formulas for the structure constants 
with respect to the structure sheaf basis. These are strikingly similar 
to the formulas for the structure constants in the dual structure sheaf 
basis, but they differ subtly. We will state these formulas here. We 
omit most details of the proofs, which are very similar to the proofs in 
the previous subsection. 

Let Wo denote the longest element of the Weyl group of SL^+i, so 
Woisi) = en+2-i- For u E [n], let u = n — u. To state our formulas, it 
will be convenient to introduce the notation = Wo{b^j)). 

Theorem 6.14. For any < u,v,w < n, 

Proof. Using Remark 13.111 and Proposition 12.11 we see that 
bl, = x{X X X, ® ([(^xj K [Ox.])). 

Arguing as in the proof of Proposition 12. H we see that the right side 
of the above identity is equal to 

The case w = of the theorem can be checked separately, so assume 
w > 0, i.e., w < n. Then, the above expression equals 

n x^, [Ox,]) - x{Xu n x'^+\ [Ox,]). 
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This can be calculated as in the proof of Theorem 16 .71 we omit the 
details. □ 

Arguing as in the proof of Corollary 16.81 gives the following result. 
Corollary 6.15. If r^^ 7^ 0, then u,v < w < u + v. 

The next result gives "initial condition" for the r^„. 
Proposition 6.16. rJ^Q = 6u,w 

Proof. This follows because [Ox„] is the identity element in Kt{^^)- 
(Alternatively, the proposition can be deduced from Theorem 16.141 ) 

□ 

Write f^^„ = (-l)"+^+"'rj;'_^. 
Theorem 6.17. If v > 1, then 

rl. = (e^--^^ - 1) rT_t.™i(e2, • • • , +e^"+-^^ rT;li(e2, • • • , e^+i). 

Proof. This is similar to the proof of Theorem 16. lit we omit the details. 

□ 

The above two results imply that Conjecture 13. lOl holds for projective 
spaces (cf. Remark [3. lip . 

Theorem 6.18. For all < u,v,w < n, 

r7,,GZ+[e-"-lUA+. 

Hence, 

Proof. The first result follows from Proposition 16.161 and Theorem 16. 171 
The second result follows from the first, since Wo takes negative roots 
to positive roots. □ 

7. A MORE GENERAL POSITIVITY CONJECTURE 

We revert to the notation and assumptions of Section 3. The follow- 
ing conjecture is an equivariant generalization of |Bri02l Theorem 1]. 
By Proposition 13.61 this conjecture, with G x G in place of G and T' 
equal to the diagonal torus in T x T, would imply Conjecture 13. 1[ 

Conjecture 7.1. Let T' be a subtorus of T and let F C G/P be a 
T'-stable irreducible subvariety with rational singularities. Express, in 
Kt'{G/P), 

[Oy] = J2 
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Then, 

{-1} e Lj^ye^^, - 

Remark 7.2. 1) By (a subsequent) Proposition 17.61 and Remark 
17.7( a). the above conjecture is true for Y = Xp C G/P. 
2) We have verified the above conjecture by an exphcit calculation 
for G = SL3, P = S and F = n for any v,w eW. 

In the next proposition we view as having projective coordinates 
[xq : Xi], so — is a rational function on P^. We write = [0 : 1] and 
cx) = [1 : 0]. 

Proposition 7.3. Suppose T acts on P^ such that and 00 are T-fixed 
and — is a T -weight vector with weight —a. Let X he an irreducible 
T-variety and : X — > P^ a dominant T-equivariant morphism. Then, 
m Kt{X), 

[00-i(oo)] = (l-e°)[0x]+e"[00-i(o)]. 

Proof. Since is a flat morphism (see [Har77l Ch. Ill, Prop. 9.7]), 
(/)*[(9{o}] = [(9(^-1(0)] and similarly for Ojoo}- Hence, it suflices to show 
that on F\ 

[O|o,}] = (l-e")[OH+e'^[O{0}], 
since applying 0* gives the desired equation. We have exact sequences 

^ Jo ^ Opi ^ O{o} ^ 0, 

and 

loo Opi O{oo} 0, 

where Xq and Too are the ideal sheaves of {0} and {00}, respectively. 
Nonequivariantly, Xq = ^00 = so Xo®X^ is non-equivariantly 

isomorphic to Opi. Near = [0 : 1] the sheaf Xq is generated by xq/xi, 
which has weight —a, and Xqo near is generated by 1. Hence, as 
T-equivariant sheaves, Xq ^ e~"Xoo. So, 

[0{oo}] = [Opi] - [I{oo}] = [O^i] - e"[Xo] = [Opi] - e°([Opi] - [O|o}]) 

= (l-e°)[ai]+e"[O{0}] 
as desired. □ 

Let w G W. If s is a simple reflection with sw < w, then sX^, = X^ 
and hence [Csx^] = [C^x^]- On the other hand, if > w then we have 
the following result. 

Proposition 7.4. If s is a simple reflection with sw > w, then 
where a is the simple root corresponding to s. 
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Proof. Let Ps be the minimal parabolic corresponding to s. Consider 

Pg X — » Xg^ 

Ps/B = ¥\ 

where /i takes the 5-orbit [p,x] ^ px and vr takes [p,x] i— >■ pmod-B. 
Then, 

n-\0) = {1} X X^, n-\oo) = {s} x X^. 
So, by Proposition I7.3[ 

[OmxxJ = e-"[0{i}xxj + (1 - e-")[Op^^.xJ- 

Push forward the above identity to Xg^ via /i to get the result. (Here 
we have used |BK05l Proposition 3.2.1].) □ 

Lemma 7.5. For any T -stable dosed suhscheme Y C G/P, write in 
Kt{G/P), 

(30) Py] = Yl ^«'[^^^]' ^^"^^ (unique) P^ G i?(T). 

Then, for any v G VT, 

[a-iy]= Yl iv-'P^)[0^-.xd 

weWP 

Proof. Let / : T — T' be any homomorphism. If X is any scheme with 
T'-action, and T acts on X via /, then there is a map /* : Kt'{X) 
Kt{X) extending the natural pull-back map R{T') R{T). For any 
T'-stable closed subscheme Y of X, f* takes the class of Oy in Kt'^X) 
to the class of Oy in Kt{X). We now apply this to X = G/P and 
f : T ^ T given by /(t) = ftf Since f*r = v~^r for r G R{T), we 
get from (15UI1 the equation 

(31) [Oy] = Yl iv~'P^)[Oxd 

where in this equation T is viewed as acting on G/P through /. Write 
[G/P, 0) to indicate G/P with this new action of T. 
Consider the automorphism 

0„:G/P^(G/P,©), gP^vgP, 

where v is a representative of v in N{T). This is T-equi variant, where 
T acts on the source G/P by the standard action. Then, (plpxp] = 
[O^-ixp] and 0;[Oy] = [C„-iy]. Since 0^ is P(T)-linear, applying 0^ 
to (l3TI) proves the result. □ 
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Proposition 7.6. Write [Cx-] = E« e^,«[CxJ. Then, 
Proof. For any v,w G VT, write 

We prove by induction on i{v), that for any u,w E W, 

(32) ^_i)codimV„+codimV„ jv^^ ^ ^^^^^p _ 

Of course, (132|) is true for t> = e. Now take fSj with > i{v). If 

SjW < w, then = [C'lJSjV^] and we are done. If SiW > w, then, 

by Proposition 17.41 

[a.vj = e-"'[OxJ - (e-"'^ - l)[Ox,J. 
Thus, by Lemma [731 

[a.,vj = e-^'-naxj - (e-^"' - l)[av,J. 

Since vsi > v, vai G A+. Moreover, by induction, for any u G 

^ ^ ^ codim Xu,+codimVu jv ( J^^codim Vu, — 1+codim Vu jv 

Z+[e-^ - l]^eA+. Hence, (^i)codimX»+codimV„ j.s, ^ ^^[g-/3 ^ ^j^^^^^ 
This completes the induction and hence (|32l) is proved for any u,v,w G 
ly. Since = WqXw^w, the proposition follows. □ 

Remark 7.7. (a) For any standard parabolic P and any closed T- 
stable subvariety Z C G/P, since ti*[Oz\ = [C^7r-i(z)] (cf. the proof of 
Proposition 13.121) . where vr : G/B — >■ G/P is the standard projection, 
the above proposition and fl52]) remain true for the Schubert varieties 
in G/P. 

(b) Since any T-stable closed irreducible subvariety of P" (under the 
standard action of the maximal torus T of SL{n + 1)) is a VT-translate 
of a Schubert variety of P", Conjecture 17.11 is true for any T-stable 
closed irreducible subvariety of (by virtue of (132|) ). 
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